RIGIDITY OF MINIMAL SUBMANIFOLDS 
IN HYPERBOLIC SPACE 



KEOMKYO SEO 



Abstract. We prove that if an n-dimensional complete minimal submanifold 
M in hyperbolic space has sufficiently small total scalar curvature then M has 
only one end. We also prove that for such M there exist no nontrivial L 2 
harmonic 1-forms on M. 
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1. Introduction 

n+l 

A complete minimal hypersurface M C M is said to be stable if the second 
variation of its volume is always nonnegative for any normal variation with compact 
support. In [2], Cao, Shen, and Zhu showed that a complete connected stable 
minimal hypersurface in Euclidean space must have exactly one end. Later Ni|8] 
proved that if an n-dimensional complete minimal submanifold M in Euclidean 
space has sufficiently small total scalar curvature (i.e., J M \A\ n dv < oo) then M 
has only one end. More precisely, he proved 

Theorem. ([5]) Let M be an n-dimensional complete immersed minimal subman- 
ifold in R n+ P, n > 3. // 



i-i 

\J±\ uv ) <k oi = \i 7L 

I M 

then M has only one end. (Here C' s is a Sobolev constant in [4].^ 

Recently the author [9] improved the upper bound C\ of total scalar curvature 
in the above theorem. 

In this paper, we shall prove that the analogue of the above theorem still holds in 
hyperbolic space. Throughout this paper, we shall denote by H n the n-dimensional 
hyperbolic space of constant sectional curvature —1. Our main result is the follow- 
ing. 

Theorem 1.1. Let M be an n-dimensional complete immersed minimal submani- 
fold in H n+P , n > 5. If the total scalar curvature satisfies 



' M 

then M has only one end. 

Miyaoka 7\ showed that if M is a complete stable minimal hypersurface in R n+1 , 
then there are no nontrivial L? harmonic 1-forms on M. In [12], Yun proved that if 

M C R rl+1 is a complete minimal hypersurface with ( / | ^4 1 <ix? J < C2 = vCs , 

then there are no nontrivial L? harmonic 1-forms on M. Recently the author [3] 
showed that this result is still true for any complete minimal submanifold M n in 

1 
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R n+P , p > 1. We shall prove that if M is an rt-dimensional complete minimal 
submanifold with sufficiently small total scalar curvature in hyperbolic space, then 
there exist no nontrivial L 2 harmonic 1-forms on M. More precisely, we prove 

Theorem 1.2. Let M be an n- dimensional complete immersed minimal submani- 
fold m W 1+ p, n > 5. If 



< 



ln(n — 4) 1 



[n - l) 2 C s ' 



then there are no nontrivial L 2 harmonic 1-forms on M . 

2. Proof of the theorems 



To prove Theorem ll.il we begin with the following useful facts. 

Lemma 2.1 (Sobolev inequality [4]). Let M be an n-dimensional complete im- 
mersed minimal submanifold in EP +P , n > 3. Then for any <f> S W ' (M) we 
have 



n-2 „ 

\<f>\^dv) " < C s / \V(t>\ 2 dv 



IM ' JM 

where C s depends only on n. 

Lemma 2.2. ( 5 ) Let M be an n-dimensional complete immersed minimal sub- 
manifold in H n+P . Then the Ricci curvature of M satisfies 

n — 1 

Ric(M) > -(n-1) \A\ 2 . 

n 

Recall that the first eigenvalue of a Riemannian manifold M is defined as 



Ai(M) = inf 



km 2 

l f L I M f 2 



where the infimum is taken over all compactly supported smooth functions on M. 
For a complete stable minimal hypersurface M in H™ +1 , Cheung and Leung [3] 
proved that 

(2.1) i(n-l) 2 <Ai(M). 

Here this inequality is sharp because equality holds when M is totally geodesic 
Let u be a harmonic function on M. From Bochner formula, we have 



|a(|Vu| 2 ) = ^2 Ui 2 + Ric(Vu, Vu). 



2 

Then Lemma |2~21 gives 

\a(\Vu\ 2 ) ~ (n - 1)|V U | 2 - ^-±\A\ 2 \Vu\ 2 . 

Choose the normal coordinates at p such that u\(p) — |Vu|(p), Ui(p) = for i > 2. 
Then we have 



Viiv.| = v, (v ^) = £|fi 



Vul " lj 



On the other hand, we have 



-A(|Vu| 2 ) = |Vu|A|Vu| + |V|Vu| 
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Therefore it follows 

J2u tJ 2 - {n ~ l)\Vu\ 2 - ^—^-\A\ 2 \Vu\ 2 < |Vu|A|Vu| + 5^uy a . 
Hence we get 

\Vu\A\Vu\ + (n-l)\Vu\ 2 + 7 ^— -\A\ 2 \Vu\ 2 > ^Tu, 2 -^T Ul 2 

> y^Mq 2 +y^^uj 2 

' n — 1 ' 

> 7> «ii = -|V|Vw|| 2 , 

n — 1 * — ' n — l 

where we used Au = Y] ug = in the last inequality. Therefore we get 

n — 1 1 

(2.2) IVuIAIVuI + |^| 2 |Vu| 2 + (n - l)|Vu| 2 > -|V|Vu|| 2 . 

n n—l 

Now we are ready to prove Theorem ll.il 

Proof of Theorem II. 11 Suppose that M has at least two ends. First we note 
that if M has more than one end then there exists a nontrivial bounded harmonic 
function u(x) on M which has finite total energy ((IT]). Let / = \Vu\. From (|2.2j) 
we have 

/A/ + — |A| 2 / 2 + („ - I)/ 2 > -^-|V/| 2 . 
n n—l 

Fix a point p € M and for R > choose a cut-off function satisfying < ip < 1, 

(/j = 1 on B p (R), ip = on M\ B p (2R), and |V<^| < — , where B p (R) denotes the 

ball of radius i? centered at p <E M. Multiplying both sides by (p 2 and integrating 
over M, we have 

<p 2 fAfdv+— - [ ip 2 \A\ 2 fdv + {n-l) [ ip 2 f 2 dv>—^—{ ip 2 \Vf\ 2 dv. 
m n Jm Jm n—l J M 



From the inequality (|2.ip . we see 
Therefore we get 

^fAfdv+^- f ^\A\ 2 f 2 dv + ^— f \V^f)\ 2 dv> -J— f if 2 \Vf\ 2 dv. 
m n J M n-1 J M n - 1 J M 

Using integration by parts, we get 

- / lV/lVcfo-2 / / ¥ ,<V/,V^) ( fe+ — f ^\A\ 2 fdv + ^— [ \S7(^f)\ 2 dv 
Jm Jm n Jm n — l J M 

> — — r / f 2 Wf\ 2 dv. 
n-1 Jm 

Applying Schwarz inequality, for any positive number a > 0, we obtain 

^-1 { v 2 \A\ 2 f 2 dv+(^-+ l - + ^±-) ( f 2 \V V \ 2 dv 
n J M Vn-1 a a{n-l)J J M 

(2.3) >( » a __* JfL) / 

\n — 1 n—l n — l/ J M 



4 



KEOMKYO SEO 



On the other hand, applying Sobolev inequalitvf Lemma 12.11) . we have 

\V{fy)\ 2 dv>C- l ( / (f<p)&*dv) " . 
Thus applying Schwarz inequality again, we have for any positive number b > 0, 
(2.4) (1 + 6) / (^iVjfdv^Cr^ / (jV)^cfo)~ 

-(i + r) / / 2 |v^ 2 d«. 

Combining (|2.3|) and (|2.4[) . we have 
n — 1 f n, /n — 4 — 4a 



m \ ri — l / j M 

>rTT( - i ~° ( / (f<p)*=*dv 



b+l\ n-1 



M 



ri/n-4-4a \ n + d + 4a~i / 2 2 

-u(-^i — a ) + ^ rr }y M / 2 iv^- 

Applying Holder inequality, we get 



1 M X JM ' X JM 

Finally we obtain 

1 / n — 4 — 4a \ n + 3 + 4a 



By the assumption on the total scalar curvature, we choose a and b small enough 
such that 



{^(^-°)-^a^*n 



> e > 



for sufficiently small e > 0. Then letting i? — > oo, we have / = 0, i.e., |Vu| = 0. 
Therefore u is constant. This contradicts the assumption that u is a nontrivial 
harmonic function. □ 

/ -|\2 

In the proof of Theorem ll.il if we do not use the fact that \\{M) > ' and 
assume that 



(/ \A\ n dvf <^C S - 1 (- 
\J M J n-1 V? 



n n — 1 \ 
_ T ~ Ai(M)/ 

for Ai(Af) > i?1 - ' , one can see that M" must have exactly one end by using the 
same argument as in the above proof, when n > 3. In other words, it follows 

Theorem 2.3. Let M be an n-dimensional complete immersed minimal submani- 
fold in W l+P , n > 3. Assume that Ai(Af) > (n - ' and the total scalar curvature 
satisfies 

(f | A r < fo)*<-5-C.- 1 f— -^r). 
\Jm J n-1 \n-l Xi(M)J 

Then M must have only one end. 
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Proof of Theorem 11.21 Let lu be an L 2 harmonic 1-form on minimal subman- 
ifold M in H™ + *>. Then lu satisfies 

Alu = and / |cj| 2 c??j < oo. 
Jm 

It follows from Bochner formula 

A\uj\ 2 = 2(|Vw| 2 + Ric(lu,lu)). 

We also have 

A\lu\ 2 = 2(|w|A|w| + |VM| 2 ). 
Since |Vw| 2 > — ^-j-|V|u;|| 2 by 10,, it follows that 

UAU - Ric(w,w) = \Vlu\ 2 - IVUI 2 > — !— -IVUI 2 . 

n — 1 

By Lemma \2. 21 we have 

1 rr — 1 

IwlAbl rlVUI 2 > Ric(u,w) > -fn - 1)M 2 l^| 2 M 2 . 

n — 1 n 

Therefore we get 

n — 1 1 

IwlAlwl + |^| 2 M 2 + (n- 1)M 2 -|V|w|| 2 > 0. 

n rt — 1 

Multiplying both sides by (p 2 as in the proof of Theorem 11.11 and integrating over 
M, we have from integration by parts that 

(2.5) 0< / i P 2 \Lu\A\Lu\ + 1 ^-<p 2 \A\ 2 \Lu\ 2 + {n~l)\Lu\ 2 ip 2 — <p 2 \V\u\\ 2 dv 

Jm n n-1 

= -2/ ip\uj\(V(p, V\oj\)dv — / </j 2 |VU| 2 d?; 

Jm n ~ l Jm 

+ (n-l) / \co\ 2 cp 2 dv + — - f \A\ 2 \oj\ 2 ip 2 dv. 
Jm 71 Jm 

On the other hand, we get the following from Holder inequality and Sobolev 
inequality (Lemma 12. ip 



\A\ 2 \uu\ 2 ip 2 dv < ( f \A\ n dv)"(f (ip\u\)&*dv) 

M \Jm ' Wm ' 

<C S ( [ \A\ n dvY [ \V{Lp\u\)\ 2 dv 
^ Jm ' Jm 



c. 



— r 

\A\ n dvj " ( / |w| 2 |V^| 2 + M 2 |V|u;|| 2 + 2tp\u\(y<p, V\u\)dv 



M ' v J M 



Then (|2.5I) becomes 
(2.6) 

< -2 / (p\u\(V<p, V|w|)d« - — ^ / ^ 2 |V|w|| 2 cfe + (n-l) / |w|V<fo 
n-1 



7? 

Af n — 1 j M j M 



+^--—c s n \A\ n d V y n iwi 2 iv^i 2 +<^ 2 iviwii 2 +2^iwi(v<^,viwi)dwy 



' A/ 7 x JAf 

Applying the inequality (|2.ip . we have 



(n-1) 2 /, .^//mIV^M)! 2 ^ 



< Ai(M) < 
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Thus 



\uj\ 2 ip 2 dv < 



A/ 



(n - l) 5 



A/ 



\u\ 2 \Vip\ 2 + (p 2 \V\uj\\ 2 + 2tp\u\(Vtp, W\u\)dv}. 



Using Schwarz inequality for e > 0, we have 



ip\io\ (Vy, V|aj|)dv 



,1/ 



< 



^ 2 |V|w|| 2 aV 



A/ 



|w| 2 |V^| 2 dv. 



a/ 



Therefore it follows from the inequality (12.61) 
n — 4 n — 1 



n — 1 



(./ J A H : 



i 



< 



2 I" ' (n- l) 2 
4 n-1 



n - 1 
n 



^ 2 |V|w|| 2 dv 



A/ 



71 — 1 

2 



r i ^~ (n — l) 2 



Since 



;{ 

\A\ n dv 



n 
4 



\A\ n dv 



M 

71- 1 

n 



A/ 



2. 

|A| n rfuj"} 



|w| 2 |V^| 2 du. 



A/ 



ti(ti — 4) 1 

< — tz~ by assumption, choosing e > sufficiently 



(n - l) 2 a 

small and letting i? — > oo, we obtain V|w| = 0, i.e., |cj| is constant. However, since 

/ |w| 2 cfc < oo and the volume of M is infinite (pQ and [II].), we get oj = 0. □ 

A/ 



(»-D 2 



In the proof of Theorem ll.il if we do not use the fact that Ai(M) > ( 
assume that 

(tiAi(M) - (n- l) 2 )n 



and 



\A\ n dv 



M 



< 



(n-l) 2 C a Ai(M) 



for Ai(-M) > ( n-1 ) , one can see that there exist no nontrivial L 2 harmonic 1-forms 
on M n for n > 3 by using the same argument as in the above proof. More precisely, 
we have 

Theorem 2.4. Let M be an n- dimensional complete immersed minimal submani- 

fold in W l+P , n > 3. Assume that Ai(Af) > — and the total scalar curvature 
satisfies 

_^ (nAi(M) - (n- l) 2 )n 



(jjArdv) . (n _ 1)ac - aAl(M) 

T/ien i/iere are no nontrivial L 2 harmonic 1-forms on M . 
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